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Abstract In common with many finite element codes, the per-
formance ofPZFlexis dominated by a small number

. of key solver kernels. For this reason it can be made
This paper presents the results of a recent collab-

orative project between EPCC at the University Ot?artlcularly amenable to straightforward parallelisa-

Edinburgh and Scottish engineering consultants Wepon Using OpenMP. This allowsZFlexto exploit rel-

dlinger Associates Ltd. The aim of this work Wasatlvely low-cost hardware such as multiprocessor PC

to extend the solver capabilities, and in particula?ystems in an efficient way.

the parallel solver capabilities, of an industrial mod4n this work we implement and compare two key
elling code PZFlex Two key solvers were compared, solvers forPZFlex

a preconditioned conjugate gradient (PCG) iterative

solver and a state-of-the-art direct solver (MFACT). o 4 parallel preconditioned conjugate gradients
The PCG solver was parallelised using OpenMP, the (PCG) iterative solver, and

new standard for compiler directive based program-

ming of shared memory multiprocessor systems. Our 4 5 version of the direct multi-frontal solver
results show that OpenMP delivers parallel efficien-  pMEACT.

cies of up to 80% for the PCG solver. It also offers

good scalability, allowing the simple PCG algorithm
to beat the complex MFACT direct solver for typical
simulation runs oPZFlex

Firstly there is a brief discussion of the background to
the PZFlexalgorithms. Then we introduce the con-
cept of the OpenMP paradigm for shared memory
programming. Then the implementation details for
developing the parallel PCG solver are discussed, and

1 Introduction then finally the two solvers are compared.

PZFlex[1] is owned by Weidlinger Associates and2
is used for the finite-element modelling of piezoelec-
tric devices. It supports a broad range of modelling
capabilities in both two and three dimensions, and iRiezoelectric transducers convert electrical signals to
used widely in industry and academia for such tasksechanical signals and vice versa. They serve as
as transducer modelling, sonar design and medical ukansmitters and receivers in imaging systems for
trasound modelling. sonar, medical, and non-destructive evaluation appli-
cations, as well as in non imaging applications like

OpenMP, the new standard for compiler directive : : A .
surface acoustic wave devices in signal processing.

based programming of shared memory multlproceslzhe piezoelectric transducer market is broad and the

sors, offers a straightforward way to exploit thread- o . .
level parallelism and is particularly easy to apply totechnology, despite its relative maturity, has great po-
tential for improvement and innovation. In order to

existing serial programs. This, and the increasing; . : . :
availability of desktop and desk-side mul'[iprocesso%Id the design of such devices, discrete numerical

systems, are reasons Weidlinger has chosen Opem\mpdellmg methods are utilised.
to accelerate the performanceRZFlexfor as broad The electro-mechanical finite element equations are
a user-base as possible. derived from the piezoelectricity constitutive relations
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and the equations of mechanical and electrical equsteps. Implicit methods couple the current solution
librium [2]. Applying the formalism and adding or vector, hence, the global system of equations must be
assembling the local equations for all elements in theolved at each time step. Their advantage is uncondi-
model yield the global system of ODEs: tional stability with respect to time step. By contrast,
explicit methods decouple the current solution vector
) and eliminate the global system solve, but they are
d“u du dyp . _— only conditionally stable, that is, there is a time step
izt Cuugp + Cuvgr + Kt Kug = B it (0| condition, [6]) above which the method is
(1) unstable. The caveat for implicit integration of wave
phenomena is that solution accuracy requires a time
KZ;U — Kpp0=Q (2) step smaller than one-tenth the period of the highest
frequency to be resolved. This is close to the CFL
stability limit for explicit methods and effectively re-
moves the principal advantage of implicit integration.

My

d*i du d .
M’WW - EIPE + CWE + Kypy =0 (3) Explicit integration of (1) and (3) involves diagonalis-
ing the uncoupled mass and damping matridés,,

governing elastic (1), electric (2), and acoustic (3, Cyy, Cyy, USing Nnodal lumping, replacing the
fields. Note that the mechanical Equations, (1) antime derivatives with finite differences, and integrat-
(3), are dynamic while the electric Equation, (2), ising using a central difference scheme (2nd order ac-
quasi-static [2]. The global unknowns,¢ andy> are, curate). For stability the time stept must be smaller
respectively, the elastic displacement vector, the ele¢han the shortest wave transit time across any element
tric potential vector, and the velocity potential vector(CFL condition). This follows from the hyperbolic
while F is the applied force vector arfglis the charge (wave) nature of the original PDEs, that is, during a
vector. These vectors are defined by field values at aiine step the field at a point is only influenced by the
nodes in the model. Coefficienfd, C', and K" de- field at neighbouring points within a sphere of radius
note the various uncoupled and coupled mass, dampr = ¢, At wherec, is the fastest local wave speed.
ing, and stiffness matrices, respectively. To solvaherefore, forAt < Az/c, nodal fields are decou-
these ODEs it is necessary to make assumptions abqiéd during a single time step and can be integrated
the temporal behaviour of the electro-mechanical phéadependently.

nomena. Frequency-domain solutions assume time- L o . .
9 4 q‘he point is that it is possible to eliminate the ma-

harmonic behaviour, effectively removing time as anni ulation and solution of large systems of electro
independent variable. Time-domain solutions assuneP 9ge sy

. .. _mechanical equations by integrating Equations (1)
general temporal evolution of the system, requmn%nd (3)explicitly in time foru andy usingg from the

step-by-step integration of the equations. Inte.gratloprevious time step, and then solving (@plicitly for

can be done using either amplicit or an explicit . " . .

method [3]. th(_a newy from_u using a precondmpned CG iteration
(diagonal scaling). Thus, the algorithm operates on an

For frequency-domain analysis of Equations (1)-(3lement-by-element basis, where elemental contribu-

the unknowns become = ae?, ¢y = ¢’ , and tions are accumulated in intermediate global vectors,

¢ = ¢e™*t, which yields three inhomogeneous sysfor example, the nodal force or charge vectors, and

tems of implicit equations fof}, ¢, ande. Direct so- the algorithm processes these vectors only. This is

lution by Gaussian elimination is only practical in 2Dequivalent to matrix-vector arithmetic without actu-

because 3D typically leads to prohibitively large sysally forming the matrix, which facilitates vectorisa-

tem bandwidth and memory needs. The alternative fon and parallelisation. The aspect of this algorithm

an iterative solution. If the system is symmetric andvhich this paper focuses on is timplicit solve on

positive definite (positive eigenvalues) then the conthe electric equation, the so-called “Electric Solve”

jugate gradient (CG) method is appropriate. In pracroutines.

tice, material attenuation and radiation boundary con-

ditions make the system of equations complex, non-

hermitian, and typically indefinite, requiring a mores 1 The PZFlexcode

general iterative solver, like GMRES [4] or the new,

more robust QMR algorithm [5]. In the Electric Solve routines, the electrostatic linear

When transient signals are of principal interest, theystem comes from a structured finite element grid
most direct solution method is step-by-step integrahat is logically rectangular in two dimensions, or

tion in time. There are many ways to evaluate th@ cuboid in three. Physically, the elements can be
current solution from known results at previous timeskewed and non-equally spaced, so the coefficients



vary. The matrix is symmetric, positive definite anda straightforward way to exploit these resources with
has nine non-zeros per row in two dimensions or 2minimum effort.

non-zeros per row in three. Because of this behaviou.I:he main technique used to parallelise code in

the electrostatic system is amenable to solution by a('apenMP are the compiler directives. The directives

|t¢rat|ve method such as conjugate gradients, or byaare added to the source code as an indicator to the
direct approach.

compiler of the presence of of a region to be executed
Our aims in this work were to implement a parallelin parallel, along with some instruction on how that
version of an iterative solver, to introduce an effectiveegion is to be parallelised. These directives facili-
direct solver tailored for symmetric positive-definitetate one of the more important features of OpenMP,
matrices, and to compare the performance of botlthat is,incrementaparallelism. This allows the devel-
We chose to implement (1) a parallel preconditionedper to target the areas of a code which are the most
conjugate gradients (PCQG) iterative solver, and (2) ime-consuming without having to worry about the
version of the direct multi-frontal solver MFACT. parallelisation of the less compute-intensive sections.

This is especially useful for the speedy parallelisation

PCG is a standard iterative solver. We chose animple, ~ =~ ° . . .
of existing serial programs, for if a message-passing

mentation designed for maximum parallel efficiency aradiam such as MPI were implemented a maior
in the key matrix-vector product routines. We also inlaradig P J
. . . rewrite of the code would be required, whereas with
vestigated a range of preconditioners, both in terms enMP a couple of directives intelligently placed
improved solution performance and amenability to ef- P P - gently p
can often demonstrate significant parallel speedup.

ficient parallelisation. Our findings on precondition-__". e . :

pa ) . 9 P This also maintains the portability of the code in that
ers are discussed in Section 4.2. . . . . .

if, say, it was required to run on a serial machine then

Multi-frontal direct solvers have undergone a renaisthe OpenMP directives are simply ignored.
sance in research effort in recent years, with a lar
focus being on ordering heuristics within the sy
bolic and numeric factorisation stages. Some curre

gl‘—aigure 1 shows a typical OpenMP directive which al-
m- )
r.I{:[;ws thedo loop to be executed in parallel. Dur-

ing execution, when thPARALLELdirective is en-

examples include UMFPACK [7], SuperLU [8] and
MA38 from AEA Technology plc’s HSL library [9].

countered a team of threads are created, the number
threads in the team being set by the user. The

X f
These solvers are generally complex pieces of soff- =~ .~ " . . .
ware with many years of development effort investe Odirective tells the_ co_mpller that the |terat|0ns of
e loop are to be distributed amongst this team so

in them. that they can be executed in parallel. The declara-
MFACT is another example for sparse, symmetrictionsPRIVATE andSHAREDefer to the scope of the
positive definite systems, written by Raghavan anflamed variables in the parallel region. In this exam-
Ng [10]. It uses an ordering heuristic called modifiechle the loop index is declared aPRIVATE which
multiple minimum degree (MMMD) [11] which of- means that each thread executing the parallel region
fers significant improvements in factorisation speechas its own private copy of this variable which can-
We used the public domain serial version of this linot be accessed by the other threads. The remaining

brary as a base and re-engineered itHdFlex

Section 5 offers a performance comparison of the
two solver approaches for a range of piezoelectri

S

variables are declared &8HAREDvhich means that
ach thread has access to the same storage area for
%uose variables. At theND PARALLEL Ddirec-

tive the team of threads is destroyed and the code con-
tinues on executing sequentially. As shown the com-
piler directives begin with a comment mark so for a
non-OpenMP compliant compiler they are ignored as
such and the code executes sequentially.

models.

3 A rapid parallelisation ap-

proach: OpenMP
C$OMP PARALLEL

C$OMP DO PRIVATE()) SHARED(x,y,n)
The parallelisation approach we took was to make do i 2, n

use of the OpenMP paradigm for shared memory pro-  x(i) = (y(i)-y(i-1))

gramming. OpenMP is based on a combination of enddo

compiler directives, library routines and environment$OMP END DO

variables that can be used to specify shared memoggOMP END PARALLEL

parallelism in Fortran and C/C++ programs. Symmet-

ric multiprocessor (SMP) computing resources are

becoming increasingly popular, and OpenMP offerd-igure 1: Simple parallel do loop OpenMP example.



This may seem to be quite a long-winded way of parFor a typicalPZFlex example problem, the matrix-
allelisation but due to the defaults and shortcuts ofector multiplication accounts for over 90% of the ex-
OpenMP this can be written as one line, as in Figecution time for each CG iteration.

ure 2. A good OpenMP parallel implementation of the PCG

C$OMP PARALLEL DO therefore requires a good parallel matrix-vector multi-

doi=2n plication implementation and a good parallel precon-

x() = (y(@)-y(@-1)) ditioner implementation. This depends ultimately on
enddo the interaction between array storage schemes used

and the particular algorithms used.

Figure 2: Concise OpenMP example.
4.2 Investigation of iterative precondi-

This demonstrates the conciseness and ease of use tioners for PZFlex

of OpenMP for generating parallel versions of se-

rial code atdo loop level. As well as thédOdi- There are many other matrix preconditioners other
rective there are several others which enable the usiran direct scaling or incomplete Cholesky factori-

to parallelise non-loop code quite straightforwardlysation. In order to investigate as wide a selection
OpenMP offers a portable, scalable, efficient andf proconditioners as possible, we used the Nonsym-
high-level parallel programming solution for sharedmetric Preconditioned Conjugate Gradient (NSPCG)
memory platforms. V1.0 software package [12].

SMP-based desktop and desk-side systems continlke NSPCG Fortran 77 package provides an ideal
to increase in power, giving the modelling engineer amodular structure for research on iterative methods.
increasingly powerful and easy to use simulation toollt provides a large range of preconditioners, acceler-
right there in the office. OpenMP allows the engineeators and matrix storage schemes. It can be used to
to make use if these systems efficiently, porting existevaluate iterative methods for a specific problem and
ing simulation codes in a quick and simple way. Thiscan provide information on the following solution pa-
rise in “high performance computing on the desktop’tameters:

is an area that EPCC, as a technology transfer organi-

sation, is especially keen to promote. e the convergence or nonconvergence of an itera-

tive method;

4 Implementation of PCG in e the number of iterations required for conver-
gence;
PZFlex

e the existence of a preconditioner (e.g. incom-

A . plete factorisations).
4.1 ThePZFlexserial iterative solver

Currently, PZFlex users can only specify one itera- Table 1 summarlse‘s exp,erlments cgrrled put using the
example problem ‘ab11’, a three-dimensional quartz

tive method to solve the Electric Solve linear matrixr sonator model with 201 465 mesh points and a ma-
problem. This is the conjugate gradient (CG) methog:9 ' b

with the choice of either Direct Scaling (DSCG) or In- ix A of size 2,630,06% 2,630,069. The matrix co-

complete Cholesky factorisation (ICCG) as the coefs fﬂments are stored using the symmetric compressed

ficient matrix preconditioner. The specific solver rou_dlagonal storage scheme as described in Section 4.3.

NSPCG was not integrated wiBZFlexbut the reve-

tine used is derived from the Sparse Linear Algebr . . . .
) . ant data was passed via a file to a driver routine for
Package (SLAP) mathematical software library [13 SPCG

which is written in Fortran 77. This requir€@ZFlex
to convert the coefficient matrix4, from a general NSPCG can be called using a single call statement
sparse matrix format (i.e. SLAP Triad) to the SLAPwith parameters such as preconditioner name, accel-
Column format. It is assumed that the matrix is al-erator name etc. being passed through the argument
ways symmetric and therefore only the lower triangldist.

is stored to reduce memory requirements. Both line and block versions of the above precondi-

The preconditioned CG (PCG) method is mainlytioners were also tested but gave signifcantly worse
composed of a set of matrix-vector and vector-vectaesults than their corresponding point equivalents in
multiplications, plus the preconditioner algorithm.the above table.



Preconditioner Time (s) | Its. parallel efficiency it is necessary to use a different co-

JAC (no scaling, no adapting)| 38.01 | 24 efficient storage scheme. The storage scheme cho-
JAC (scaling, no adapting) 38.01 | 23 sen should remove the need for indirect addressing
JAC (scaling, adapting EMAX) 36.56 | 23 by having some sort of predictive structure but also it
JAC (scaling, adapting EMIN)| 52.97 | 35 should minimise any extra memory requirements.
SSOR (no scaling, adapting | 48.68 | 15

Compressed diagonal storage (CDS) fulfils the above

SSOR (.s caling, adapting) 50.45 1 15 two criteria and is particularly useful for a matrix
IC (scaling) 4579 | 12 . o - :

: that arises from Finite Element (FE) or Finite Differ-
IC (no scaling) 43.49 | 12 . o . )

. ence (FD) discretisations. Typically, the matrixis
MIC (scaling) 5295 | 14 . X
; banded with a bandwidth that does not vary greatly

MIC (no scaling) 4386 | 11 from row to row. This scheme stores sub-diagonals of
LSP (scaling, degree 1) 52.76 1 17 the ma;?,ix in cvc\JLnse::utive columns e
LSP (scaling, degree 2) 63.69 | 14 '
LSP (scaling, degree 4) 75.97 | 10 The banded matrid will have nonnegative constants
LSP (scaling, degree 8) 86.75 | 6 p, ¢ called the left and righalfbandwidth such that
NEU (no scaling, degree 1) 44.42 | 15 Ai; #0onlyifi —p < j < i+gq. Thus,
NEU (no scaling, degree 2) 56.26 | 13 we can allocate for matrixd a new storage array,

NEU (no scaling, degree 4) 71.84 | 10 ANEW(1:N,-P:Q) , whereNis the number of rows
in A. Note, that ifA is symmetric (i.e.p = ¢) then

Table 1: NSPCG proconditioner results for examplene new storage array becomesEW(1:N,0:P)
problem ‘abl11’.

Consider the symmetric matrix defined below.

11 21 31 41 51

The best preconditioner is the Jacobi preconditioning 21 22 32 42 52
with EMAX adapting which produced a solution time A=1 31 32 33 43 53
of 36.6 seconds. The incomplete Cholesky precon- 41 42 43 44 54
ditioner reduced the number of iterations to conver- 51 52 53 54 55

gence by almost 50% but with an increase in overall
solution time by about 25%. Again, SSOR, MIC, LSP.

and NEU preconditioning reduced the number of iter:rhIS matrix can be stored in the symmetric CDS for-

. . i mat in an array with the dimensioANEW(5,0:4)
ations required for convergence but overall time aIsB ; .
. y using the mappingNEW(1,J) = A;;; where
increased. . ) '
j > i as shown in Table 2.
With regards to parallel preconditioners, Jacobi is
trivial to parallelise whereas incomplete Cholesky is Row Columns 0:4
not straightforward. An alternative to a parallel in- 1121|3141 |5
complete Cholesky may be a parallel Neumann poly- 221 32| 42| 52
nominal. A Neumann polynominal converts the ma- 33|43|53| 0
trix inversion to series of matrix-matrix multiplica- 441541 0] O
tions. From Table 1 it seems that their serial perfor- 55| 0| 0| O
mance is very comparable.

abhwNE
OO OO0

Table 2: Symmetric storage array for matrix

4.3 Parallel |mplementat|on details Note that several zeros have to be stored which is

- . typical of banded storage even for the dense exam-
As noted above, the key to an efficient parallel Conjuble matrix A. For matrices formed by Finite El-

gate gradient solver is an efficient matrix-vector mul-

S 9 . . : ement discretisations it is possible that within the
tiplication operation since this forms the bulk of the : : . .

: ) . half-bandwidths that there will be diagonals with
computational requirement for the algorithm. There

- . Nno nonzero values. In order to to reduce the need
are two loop nests within the matrix-vector produc&0 store such diagonals, the symmetric CDS can
which, for maximum efficiency, must both be fully X y

parallelised using OpenMP directives. Unfortunatelygigﬁglml\j;tl\elggy t?,a?ngifrlen;e%séogzls;ti?g% fazreay,

neither the SLAP Triad nor SLAP Column matrix ~_ .~ . .
storage schemes employedd@Flexallow this to be main dlagpnal. MX.N.RES the. numper of non-main
diagonals in the original matriX which have at least
done.
one nonzero array element. Thus, for the dense exam-
Thus, to obtain better matrix-vector multiplicationple:



STEN=(1 2 3 4)

This augmented symmetric CDS method has been im-
plemented in the parallel version of the iterative CG
solver.

4.4 PCG Performance Results

e (s)

In testing the performance of the new CDS-based partg
allel PCG routines, we performed a series of tim-3
ings on two test cases: ‘array2d’, a small two-"
dimensional transducer model running one timestep
and ‘combo3dc’, an approximation of a three-
dimensional transducer array.

Our timing tests were performed on a Sun HPC
3500 system, an SMP system with eight 400MHz
UltraSPARC-II processors and 8 Gbyte of shared
memory. For compilation we used Kuck and Asso-
ciates Guide f90 OpenMP system, with high levels o
optimisation (the Fortran 90 compiler optiofiiast
-xchip=ultra2 -xarch=v8plusa ). In both
cases we timed only the parallel conjugate gradient
routine.

Table 3 shows the times for the parallel CG algorithm
for both test problems. Inthe ‘array2d’ case, the times
are the averages for ten calls to the PCG solver; in the
‘combo3dc’ case the averages are over five calls. In
this table V,, is the number of processors used and we
define simple speeduf), = T} /T, and simple paral-

lel efficiency E, = S,/N,, whereT] is the single-
processor time and), the time onV,, processors.

The timing data for these two cases are plotted in Fig-
ures 3 and 4.

‘array2d’ times

time(s) | Sp E,
458+ 0.04| — | 100%
3.37+0.04 | 1.4 | 70.0%
2.52+ 0.05| 1.8 | 45.0%
2.33+0.10| 2.0 | 33.3%
2.28+0.11| 2.0 | 25.0%

‘combo3dc’ times

time(s) | S, E,
267.5+ 05| — | 100%
166.9+ 2.1 | 1.6 | 80.0%
106.4+ 0.3 | 2.5 | 62.5%
88.3+ 0.5 | 3.0 | 50.0%
82.1+0.3 | 3.3 | 41.2%

PCG time (s)

o s N RZ

© o s N R

Table 3: Parallel PCG times fé&?ZFlexrunning test
cases ‘array2d’ and ‘combo3dc’.
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Figure 3: PCG timings for ‘array2d’ on a Sun E3500.

Figure 4. PCG timings for ‘combo3dc’ on a Sun
E3500.



As might be expected, the speedup for the smalléfable 4 shows the times for serial runs of the MFACT
test problem is not particularly impressive, especiallgolver against PCG for the two cases. For ‘array2d’
with call times of the order of a few seconds. Thethe total MFACT time beats the PCG algorithm on
‘array2d’ case has a matrix size of 34,138634,136 both one and two processors, albeit by a small mar-
with 169,521 nonzero elements. The ‘combo3dcgin, being pipped by the four processor run. For
case is around an order of magnitude larger in ternisombo3da’ the situation is heavily reversed, with
of physical mesh points, yielding a matrix of 381,024a large symbolic/numeric factorisation time slowing
x 381,024 with 5,146,012 nonzero elements; this inMFACT right down. However, the factorisation time
crease in computational workload allows the multiis a one-off cost for MFACT; once it is done and the
threading parallelisation to demonstrate greater effinformation cached, subsequent “solve” calls avoid
ciency and a reasonable speedup of 2.5 over 4 procedhis overhead. In the case BZFlexthe electrostatic
Ssors. matrix A is quasi-static, so a typical run will involve
many calls to the solver for one factorisation call.

. We show a rough model of this in Figure 5. Here
5 Performance Comparlson: we plot a linear projection of total time against
PCG vs. MFACT number of iterations for the ‘combo3da’ results for
MFACT and PCG (one, two and four processors). In
) . . . this plot, MFACT very quickly overhauls the one-
A key aim of this work was a direct comparisony,cessor PCG case at around 200 iterations, but only
between the simple OpenMP version of PCG anflyiches the two processor case at around 2,000. The

the more complex MFACT. The timing tests for thet,, - nrocessor PCG run ultimately scales better than
MFACT solver were performed on the same systeMyEACT.

using the same compilers and options, as the previ-

ous PCG tests. Two test cases were chosen: ‘ar- MFACT times (s) PCG times (s)
ray2d’ again and ‘combo3da’, a smaller version ofprgplem Factor Solve Total| N,=1 N,=2 N,=4
‘combo3dc’ with a matrix of size 63,504 63,504 [rray2d 3.0 021 3.21| 458 3.37 252
and 824,632 non-zeros. In both cases we ran MFAQT.ombo3da’l 240.4 1.56 242.0 2.69 1.67 1.15
against the parallel CG solver for a direct versus ite
ative comparison. Table 4: Timings for MFACT and PCG for the ‘ar-

ray2d’ and ‘combo3da’ test cases.

4000
—— MFACT
300 - | PCG 1 proc
PCG 2 proc s
3000 |- —-— PCG 4 proc T
2500 . 1
(0]
£ 2000
|_
1500
1000
500
0 B I . I . I . I . I .
0 200 400 600 800 1000 1200

N iterations

Figure 5: Projected scaling of solver times against number of calls to solver routines.
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Conclusions

This work has performed a fairly comprehensive re-
view and implementation of options for the accelera-

tion of the performance of the electric-window solver

routines within thePZFlex piezo-electric modelling

lows:

(6]

code. The key conclusions can be summarised as fol-

[7]

an OpenMP implementation of the parallel con-
jugate gradient (PCG) algorithm with simple di-
agonal scaling offers good parallel scalability
provided the necessary steps are taken to opti-
mise the matrix storage scheme;

the simple parallel PCG on small numbers of
processors compares very well with the more
complex MFACT direct solver;

(8]

parallel efficiencies of up to 80% are achievable 9]

under OpenMP for a real industrial application
on low-cost hardware.
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