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ABSTRACT

Many problems in computer science, especially in Artificial Intelligence, can be represented as constraint
satisfaction problems (CSP). For example, scene labeling in computer vision involves testing possible inter-
pretation of objects against relation rules. Other constraint satisfaction problems include theorem proving,
scheduling, expert systems. These problems are typically NP-Complete because they require extensive
searches to find a solution and the basic search algorithm is the naive Backtracking strategy. In order to
improve its performances different approaches have been explored: filtering strategies, heuristics for search
algorithms, decomposition methods. Although parallelization seems to be a good candidate to obtain fur-
ther practical improvements the research in this direction is fewly developed. In this paper we explore
the benefit of a domain decomposition strategy for parallel CSP resolution. Mainly we solve in parallel
the different subproblems resulting from the decomposition step on a shared memory architecture with an
OpenMP library. All the experiments were realized with the Sillicon Graphics Origin2000 parallel machine.

KEYWORDS: Constraint Satisfaction Problems (CSP), Parallel Processing, OpenMP, Domain Decompo-
sition, Irregular Applications.

1 Introduction e performing constraint propagation as a prepro-
cessing step before or during search with different
filtering techniques based on an Arc-Consistency

Many problems in computer science, especially in Arti-  property [15].

ficial Intelligence, can be represented as constraint sat- ) ] )

isfaction problems or CSP. For example, scene labeling ® Improving the search algorithm itself by choos-

in computer vision involves testing possible interpreta- N9 @ good variable and value orderings for the

tion of objects against relation rules. Other constraint ~ Nextvariable to be instantiated and value to be as-

satisfaction problems include theorem proving, schedul- ~ Signed [1, 8].

ing, expert systems. Typically these problems are NP- |

Complete and they require extensive search to find a

solution: the basic search algorithm is the naive Back-

tracking strategy. Formally, a CSP is defined by a set®ince CSP is NP-Complete, an efficient general search
variables and by a set of constraints. A set of allowedfyorithm is unlikely to exist. Although parallelization
values is associated at each variable. Each constrairggems to be a good candidate to obtain further practi-
given by a compatibility relation over the domains ofal improvements, the research in this direction is un-
variables. Solving a CSP means finding an assignmérinutately fewly developed. Surprisingly, unlike the
for each variable that satisfies all the constraints. Md3dmputational Science and Engineering area [14], the
of the proposed algorithms are improvements of the sislecomposition methods which generate "inherent par-
ple enumerative searctBacktracking(BT) algorithm. allel" algorithms have not been explored for this pur-

Its main drawback is the computational cost and mapgse. In [16], we have already studied the paralleliza-

different approaches have been proposed in order to tion of the search algorithm itself. Mainly we proposed

prove its performance. We can roughly classify them &n generic parallel scheme combining both sequential
the three following categories: search algorithms and MIMD dynamic load balancing

performing subproblems decomposition as a pre-
processing step [2, 4, 7, 9].



policies. The Dynamic Load balancing strategies are &2 Improvements of Backtrack
sential in order to maintain all processors busy. This ap-
proach presents a serious drawback due to the overh&admprove the performances of the search algorithms,
induced by the number of communications. Some dgeme filtering techniques have been proposed to restrict
composition methods of CSP developed in the literatufe size of search space by early detecting inconsistency.
permit to split a given CSP into a set of smaller problenf¥sed on some local partial consistency definition, the
which can be independently solved in parallel. filtering algorithms either remove values of domains that
In this work, we explore this last idea by studycannot be extended to a global solution or modify the
ing more precise|y the Domain Decomposition meth(ﬁ@t of constraints (see Debruyne and Bessiére for a re-
of CSP [2]. First, this strategy is used as a prepréent overview [3]). This filtering effort may be done as
cessing step for generating a collection of subprobler@syreprocessing procedure or throughout search. Practi-
each one potentially containing the solution of the in¢ally the overhead caused by the filtering has to be out-
tial problem if it exists. Second, we solve in parallel aweighted by its gain and this is the key for finding the
these subproblems using a classical search strategy. &gt level of consistency to achieve. Arc Consistency
investigate the programming feasibility of this approadittering is widely used on binary CSP because it does

with the OpenMP directive based parallel computatidiPt change the set of constraints and it is obtained by a
environment citeOpen97. Constraint propagation process. AC is a basic level of

local partial consistency and it is also the most used one
. . since the initial work of Waltz in 1972 until now.
2 Sequential resolution of CSP Different works have been done to improve the
. ] o Backtrack algorithm itself. Among them P. Prosser
First, we recall some basic definitions of the CO"b‘roposed an interesting approach which permits the
straint Satisfaction Problems framework and the geneggimbination of two characteristic behaviours of search

method to solve a CSP. algorithms namely the backward and the forward
moves [19]. The main idea is to make explicite the no-
2.1 Preliminaries tion of backward and forward moves in the tree search

algorithms instead of keeping them hidden by the classi-
Definition 2.1 ([17]) A Constraint Satisfaction Prob- ¢4 recursivity. Explicit formulation of the basic opera-
lemis a tuplePb = (X, D, C, R), where : tions simplifies the combining of algorithms and allows

e X = {X1,.., X,,} is a set ofu variables the stL'ldy of a family of new hybrid'ones. o

This last decade many algorithms and heuristics

e D ={Dy,..,D,} is a set ofn. domains Each have been developed along different axes so that it was

D; is associated withX ;. necessary to compare their performances. The general
comparative study is still in progress.
. ; _ . The Forward-Checking algorithnC) is called a
Each constrainC; is defined by a set of Va”ables‘looking-forward schentiesince, when the search pro-
X Xo F C X cess makes a trial instantiation of a variable, it looks
e R = {Ri,.., Ry} is a set ofin relations Each ahead toward the futur'e variaples (not yet instantiatgd)
relation R; defines a set of;-tuples onD;, x...x and removes from their domain all values that are in-
D;, compatible with respect t6';. compatible with the trial instantiation. Therefore, when
‘ FC goes forward and considers a new variable each

A binary CSPis a CSP where all the constraints arealue inD; is consistent with the past variables (yet in-
sets of two variables at most. Anstanciationof a set Stantiated). When the domain of a forward variable be-
of variablesA is a k-tuple(ay, . . ., ax ), representing an comes empty while checking consistency a dead-end oc-
assignment ofi; € D; to X;, forall X; € A. A con- curs and FC backtracks chronologically. The goal of FC
sistent instanciatiorof A is a set of assignments thats to fail early by detecting inconsistencies within the
satisfies all the constraints;, such thatC;, C A. A tree search as soon as possible cutting the exploration of
consistent instanciation al is asolutionof the CSP.  fruitless branches.

In this paper, we consider that solving a CSRrid- Dynamic Variables Ordering Heuristics have been
ing one solution We also retrict the study to Binaryproposed to enhance the search and the Minimum Re-
CSP on Finite Domains where the relations are givennmaining Value MRV) is designate as one of the best.
extension as couples sets. Moreover, a number of works on randomly generated

The main method to find a solution for a particusroblems have shown how the CSP hardness varies
lar CSP is theBacktrack algorithm. Unfortunately, it with simple parameters describing their structure. Some
presents an important drawback: it is exponential in tidentified parameters values distinguish regions with
number of variables. high probability of hard problem instances from ones

e C = {C4,..,Cp} is a set ofm constraints



with high probability of easier ones. This is called the These two approaches are structurally oriented and

phase transition phenomenon [20, 21]. we refer to section 3.2 for theDbmains Decomposi-
We present in the sequel the generic resolution algmn" method we use for Parallel Resolution.

rithm of a CSP according to Prosser [19].

Algorithm 1. Generic resolution of a CSP: main function. 3 Para”el RGSO'UtiOﬂ Of CSP
function CSP_Resolve(Pb)

Consistent := True 3.1 Related works
State := Unknown
i=1 There are mainly two different approaches to use paral-
while State = Unknown do lel computation for constraints solving (see figure 1).
if Consistent then
Ii := Label (i, Consistent) 1. Distributing the search tree among the processors.
else
i := Unlabel (i, Consistent) 2. Splitting the initial CSP into a collection of easier
endif subproblems to be solved in parallel.
if (i > n)then
State := Solution Most of the significant developed works are related
elseif (i =0) then to the first one and more precisely in the MIMD paral-
State := impossible lelism model.
endif The crucial point leading to efficiency of the paral-
endif lel tree search algorithm is the load balancing strategy.

return State

endwhile . The aim of these techniques is to keep the set of pro-

cessors busy without an undue overhead. The first ques-
o tion is to choose between static or dynamic load balanc-
2.3 Decomposition methods ing. In the static case an initial partitioning of the root

Most of the proposed techniques for decomposingngdes in the search tree is performed before the search

CSP exploit the fact that CSP tractability is intimatellp Nitiatéd. The problem is then divided into a num-
er of subproblems pools : one pool for each processor.

connected to the topological structure of their underl h ‘ al h h
ing constraints graph [5, 9]. Mainly two strategies ¢ ach processor now performs a sequential search on the

be cited: the tycle-cutset due to Freuder [6] and theP0ol assigned to it. Communication is limited to initial
"tree-clustering’ due to Dechter and Pear! [5] distribution of the subproblems pools and termination

The "cycle-cutset method cuts each cycle of the giverli_eStS' The main drawback of thisl approaclh Is that th”e
constraints graph by instanciating one variable per {1 néeéded to process subproblems pools can totally

cle. The resulting CSP is tree-structured and this le ger. Thgn SOME processors may become 'dle. _Iong be-
to a sequential polynomial-time resolution [6] or para ore termination, resulting in poor processors utilization:

lel logarithmic-time [13]. The main drawback of thighis phenomenon is known as starvation. In the §econd
method is to remain exponential in the size of the Cyclgpproagh the subproblems are dynamlcal!y d'St”bUt?d'
cutset and finding a minimal cycle-cutset is also I\“;'l'_he main features of dynamic load balancm.g.strategles
hard. Moreover, as far as we know, an efficient meth the context of parallel backtrack are classified as fol-

to find a small cycle-cutset does not exist [11]. OWs:
The "tree-clustering’ method is an application to

CSP of the acyclic databases properties given by the

Freuders’s condition for backtrack free search [6]. As  who initiates the load balancing request?

for the previous method, the desirable structure is ob-

tained by transforming any constraints graph into atree. ~ What is the partner selection policyPhe partner

More precisely, this strategy considers the primal con-  Selection policy determines from or to which re-

straints graph first and forms clusters of variables by us- ~ mote node, tasks should be received or sent.

ing an efficient triangulation algorithm of Tarjan [22]. It

results a dual constraints graph whose clusters form the

set of nodes. The dual constraints graph is then trans-

formed on a so called join-graph by pruning some re-  \yhat is named overloaded and underloaded pro-

dondant arcs and the subproblems defined by the clus- cag5or?

ters are separately solved. Finally the tree-structured

problem is solved by considering the clusters as single- How determining current state and the termina-

ton variables. tion of the system?

what is the initial work distribution?

what is the transfer policy?The transfer policy
determines which tasks should be sent.



Distributing the search tree :

Processor 1 Processor2 Processor 3

Domain Decomposition :

Shared Memory

& & &

Processor 1 Processor 2 Processor 3

Figure 1: Two parallel CSP resolution approaches.

Based on the message passing parallel model andtibes between the variable-value pairs. Vertices are ex-
Prosser’s approach we have proposed in [10] a genexatly these pairs and the edges relate two compatible
parallel search algorithm. A general paradigm is intrpairs. Given a CSIPb this decomposition produces a
duced to parallelize different search algorithms includellection ofé subproblemgPb , - - - Pb;] equivalent to
ing both the generic procedures relative to the sequentfa initial problemPb. The time complexity for solv-
search and the load balancing strategies relative to thg each subprobler®b; is necessarily less than the
parallelization. One particular parallel search algorithtime complexity of the initial problerfb since the do-
called FC-CBJ that performs forward domain filteringsains of each subproblem are reduced by the decom-
has been studied since it represents a class of efficiposition. Both the tree-clustering and the Domains De-
sequential search algorithms. In parallel, reasonable @fmposition methods are based on the efficient Tarjan-
ficiencies were observed and even superlinear efficien@nnakakis triangulation algorithm [22]. It transforms
were obtained for satisfiable problems. Our first objeany graph into a chordal graph by adding edges and
tive was to study the benefits of parallelism in the foby computing a simplicial ordering of the nodes. The
ward search algorithms. most fundamental difference between tree clustering

and domain decomposition methods is that for the last

Remark: Along literature we can notice that works on paraly o the triangulation algorithm works on the Micro-

lel approach to solve CSP are not significant. Most amazingdcture instead of the intial constraints graph. The re-
no work was done on the use of decomposition methods {Qfiting maximal cliques derived from the chordal Micro-
parallel resolution. ®  Structure correspond to independent subproblems when
they covered all the variables set of the initial problem.
The Domains Decomposition method can be summed

3.2 Domains Decomposition for parallel up in the following steps:

resolution

) . 1. Given a CSPPb = (X,D,C,R) such that
The classical CSP decomposition methods explore (X,C) is a complete graph, use the function

structural properties of the constraints graphs. The-" Build_Micro_Structure(;(Pb)) to build the associ-
mains Decompositiori method at the opposite explores ated micro-structure.

the relations between the values inside domains. Here

we use the strategy based on tihdicro-Structure " of 2. Process the triangulation algorithm to gener-
the CSP introduced by P. Jegou and studied in [2] as a ate a simplicial orderc and a triangulated
Domains Decomposition method. The Micro-Structure  micro-structure I'(x(Pb)) (using the function
of a CSP is the graph defined by the compatible rela-  Triangulate(u(Pb)T'(u(Pb)), o)).



Remark: The Domains Decomposition method is Triangulate(u(Pb), T'(u(Pb)), o)
Generate_MaxCliques(T'(u(Pb)), o, {C1,---,C4})
- C

bgsed on a basic pr.operty of the micro-structure: Generate_Sub_CSP({C1, - .}, Pb, [Pby, - - Pbs]).
given a CSPPb and its associated micro-structure

p(Pb) then (ai,...,an) is a solution of Pb iff  Aqorithm 3. Parallel Generic resolution of a CSP: main
((z1,a1),..., (wn,an)) isan-cliqgue oiu(Pb). ¢  fynction.

3. From the triangulated micro-structuré.(Pb)) function Parallel Resolve (Pb)
and the simplicial ordes build the derived max-  Domain_Decomposition(Pb, [ Pby, - - - Pbs])
imal cliques. for || each Pb; do

) ) CSP_Resolve(Pb;)
4. From the maximal cliques set generate the set otngior .

subproblems: each one corresponding to clique
which covers the variables set.
4 Implementation and first results
Remark: The triangulation step builds both the ordeand
the triangulated micro-structul®(u(Pb)). Splitting this into The reader may notice that this work constitutes the first
separate steps gives a trivial parallelization of the domains @gement of a more ambitious project we outline in fig-
composition strategy. © ure 2. The sequential search algorithms are developed
We give in the sequel the basic domain decompogi-an Object Oriented style with C++ ( the MAC algo-

tion procedure and the parallel resolution of CSP basgithm for Maintaining Arc Consistency is in progress).
on this decomposition strategy. This work is only concerned with the significance of the

_ ) . ] Domains Decomposition method for Parallel Resolution
Algorithm 2. Domain decomposition strategy: main func\'/vith a shared memory. We only present in this section

tion. our first results on both sequential and parallel exper-
function Domain_Decomposition(Pb, [ Pby,- - - Pbs]) iments. All the experiments are fulfilled by using FC
Build_Micro_Structure(u(Pb)) with MRV (FC-MRV) as a basic search algorithm.

Backtrack

Decompistion*

‘Domain-Decompositio#

Figure 2: Project overview.

4.1 Dynamic data structures and openMP sharing strategy.

To evaluate the performance of the parallel domain de-

composition approach we use OpenMP for shared memt.1  The binary CSP memory representation

ory parallelism [18]. OpenMP derives from the ANSI

X3115 efforts. It is a set of compiler directives andVe need two data structures to represent a particular
runtime library routines that extend a sequential pr&-SP: the first one is an adjacency mateibdf[][]) which
gramming language to express parallelism with a Sha@'ﬂﬁbles to check whether a relation between two vari-
memory. OpenMP conforms to SPMD programmingples of the problem exists or not.

language style. Passing from sequential resolution to The second data structure we need is a list of couples
a parallel one after the domain decomposition stepvidien a constraint between andv; exists. Adj[v;, v;]
straigthforward within the OpenMP paradigm. We onlig a reference to the list of allowed couples for the rela-
have to parallelize the for loop solving all the subprotion R;;.

lems using the OpenMP compiler directives. The do- We can now evaluate the space complexity of these
mains decomposition method can be seen as a static Idath structures. For the adjacency matrix, the space



complexity isO(n?) wheren is the variables number.wheren is the number of variableg, is the unique do-

In the worst case, the CSP contai?qé(;‘;l) relations Main size,m is the number of constraints apds the
and the length of each list 9(d?) whered is the uni- number of incompatible pairs of values in a relation.
form domain size. Our analysis is based on the problems class proposed
by Frost and Dechter in [8] which provide a large spec-
trum permiting us to make an opinion on "hard random
4.1.2 The memory cost of the tree search manageroplems”. The problems we consider are taken in the
ment neighbouring of the "Transition Phase" region within the

Each search algorithm needs some data structures td@pilly of sparse graphs (the density of these graphs is
ficiently investigate the search tree. For example, KoL) Of the form(50, d, m, p) where d varies from 25 to
maintainsn, tables of sizel called currentdomain to 40- Bé€cause we only consider sparse graphs the param-
compute the value allowed for each variable while tfier value mis fixed to 123. o

search is perfomed. This algorithm also usestacks First, we studied the Domains Decomposition strat-
used to perfom the filtering and to restore the tree whgfY I the sequential case. Thatis why we compared the
unconsitency is discovered. results obtained by FC-MRV on the initial problem with

In C and C++ it is possible to dynamically aIIocatéh_e same search algorithm on all the subproblems ob-

the memory for each table. Moreover the memory us ned by decomposition. Our experiments confirm the
gst results obtained by P. Jegou in [12] :

by the application in this case is exactly equal to t
required space to solve the particular CSP. '_I'his is the o the behaviour of the decomposition method is not
reason why we have decided to use dynamic memory  the same for consistent and non consistent prob-

allocatin in our first expirements. But doing this we ob- lems.
tain a very poor efficiency of our parallel algorithm and
it was especially true for 8 or 16 processors. e the number of subproblems obtained from the de-

In fact the following problem appears. When an compositi_on method is proportional to the size of
OpenMP program allocates dynamically the memory  the domains.

usingnew or malloc ), the new object is shared an .
(using ) ) ﬂn the following, we present the performance results

there is no way to make it private. In our applicatio . . . )

. . .~ dbtained for inconsistent problems and consistent ones
we need private structures for the FC algorithm in or-oth in the sequential and in the parallel cases
der to be as efficient as possible. At the end we choose ' quent ! P :
to allocate statically at the compilation time the table ) N
currentdomain and the needed stacks. 4.3 Analysis on hard CSP: Decomposition

and inconsistent problems

4.1.3 Detection of the termination in parallel In order to study the performance of the Domains De-
composition method on inconsistent problems, we pro-
se to compare the CPU time in seconds (t_Seq) con-
\&ﬁ'Jming by FC-MRV on the initial problem with the cu-
. . . . I PU ti f the FC-MRV i h
have defined a shared integer variable, cafledd ini- ated CPU time of the FC execution on eac

. . I i f iti Tr). If th
tially equals to). When a processor proves the satlsfwbpmb em obtained after decomposition (L_Tr). If the

bility of the problem it writ itive value f rthisfiroblem is inconsistent, all the subproblems have to be
abliity ot the proole €s a positive value 1o completely solved before to decide the final negative re-

Vaf'ab'e- Each processor §o|vmg a pr_oblem. t.akes P&liit. Table 1 shows that for inconsistent problems the
odically a look atpend and if the value is positive then

it gives up search in proaress decomposition method alone offers good efficiencies in
! glvh up d np .g h ) hank g1e sequential case. In fact, the efficiency considered
The reader may notice that thanks to OpenMP we 8rresponds to the benefit of the domains decomposi-

not need to take care of this variable update. In the sal for sequential resolutionEff = 'S, Even
way, the subproblems distribution is carried out dynarn-the CPU time decreases the obtainethrparaIIeI effi-
ically by OpenMP. In our study these are the two keé{encies are not significant when the processors num-
advantages of OpenMP. ber grows. The parallel efficiencies noté&d f; where

i is the numtber of processors are computed as follows:
4.2 Randomly generated problems Effi = Gparxs- Inthis case, a set of very small and

easy subproblems is obtained from the initial problem
The uniform model of binary randomly generatebdy the Decomposition method. Consequently, it is not
CSP [20] is characterized by the 4-tugle,d, m,p) quite advantageous to solve them on a parallel machine.

When a processor finds a solution for a subproblem,
shall stop all the other processors even if all the supr
lems have not been solved. To achieve this goal,




Problems Results

1 proc 4 proc 8 proc 16 proc
NB_Pb| T_seq| t_Tr Eff Tr | tpar_4 | Eff_4 | tpar_8| Eff 8 | tpar_16| Eff_16
50 25 11 297.13| 178.064| 1.66 | 68.98 | 0.65 | 41.69 | 0.53 | 33.79 | 0.33
5030 20 207.12| 160.1 129 | 547 | 0.76 | 3852 | 0.51 32.6 0.31
50 35 19 230.4 | 310.04| 0.75 | 98.2 | 0.79 | 61.7 | 0.62 | 4233 | 0.45
5040 20 270.98| 200.088| 1.35 66.5 | 0.75 | 435 | 0.57 32.9 0.37

Table 1: Results of tests: inconsistent problems

4.4 Analysis on hard CSP: Decomposition offered by the parallel resolution is more significant and
and consistent problems we mostly observe superlinear efficiencies. This last ob-

servation may be justified by the fact that as soon as a

On the contrary, for consistent problems, the decompgncessor gets a solution the whole parallel execution is
sition method alone is not always efficient for sequeggpped.

tial resolution. But in this case, as expected, the benefit

Problems Results

1 proc 4 proc 8 proc 16 proc

NB _Pb| T seq t Tr Eff Tr | tpar_4 | Eff 4 | tpar_8| Eff 8 | tpar_16| Eff 16
50 25 18 235.16 | 233.93| 1.08 | 5459 | 1.06 | 214 | 1.36 7.22 2.08

5030 6 632 976.3 0.70 228 1.05| 984 | 1.22 24.3 2.48
5035 12 1125.28| 169.5 6.63 34 126 | 18.16 | 1.17 | 12.25 0.88
5040 6 1138.16| 1012.83| 1.12 | 250.17| 1.02 50 2.5 44.2 1.43

Table 2: Results of tests: consistent problems

5 Conclusion and some perspecC-ollection of processors. We have measured the paral-
tives lelism benefits by considering the efficiencies for 1, 4,

8 and 16 processors. We observe in the case of con-

sistent problems superlinear efficiencies and apprecia-

In this paper we have mainly studied the Domains DB[e efficiencies for inconsistent problems. We conclude

composition method OT CSP‘_ . that the parallel solving of CSP after decomposition is a
From the sequential point of view we have cofsromising approach.

firmed the results of P. Jegou: the domains decompo-
sition of CSP is efficient before parallelization for in- These general remarks give some indications for
consistent problems. In fact, we remark that the decoppssible perspectives. First we have to analyze our re-
position method creates in the most cases a collectiorsufts more deeply, that is to evaluate the impact of our
easy subproblems. Then in this case the cumulated titategy on alarger spectrum of hard problems. We plan
for solving each of these subproblems is not penalizirig. estimate the benefit of the parallelization for non-

Concerning the consistent problems case, the domasférse graphs and on real applications.

decomposition turns out to be less efficient since the cu-
mulated time for solving all the subproblems derivingra

from decomposition is comparable (and Sommim(:“s''%erestin erspective consists in leading this approach
greater than) the sequential time in the worst case: ih g persp d PP

. . . Wﬁh the MAC search algorithm and the development of
problem containing the solution is often solved in the : . ;
. e . an effective MAC is actualy in progress.
last. Moreover, it seems difficult to improve these re-
sults since it is impossible to order them in advance. As shown in this work, the Domains Decomposition
From the parallel point of view we have mainly inmethod can be used as an initial load sharing step. This
vestigated the performance of this approach based omethod can also be combined with a parallel distribution
shared memory model. The parallelization is very naivaf. the search tree. This perspective will give us the op-
It consists in the distribution of the independent sulportunity to compare this solution to our previous work

problems obtained by the decomposition method oroa the parallel evaluation of the CSP search tree [10].

In this paper we have considered without loss of gen-
lity FC-MRV as a basic search algorithm. Another
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